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a b s t r a c t
In this paper, we consider the approximation of general multivariable non commensurate
fractional systems by integer order state space models. This work contains two main
contributions. First, a new state space representation using the fractional integral operator
is introduced. Second, the approximatemodel carries explicitly the initial conditions of the
system. Two examples are given to illustrate the accuracy of the approximation.
Crown Copyright© 2009 Published by Elsevier Ltd. All rights reserved.
1. Introduction
The non-integer differentiation and integration concept is the generalization of the usual differentiation and integration
functions to a real order. There are several definitions of these operations, [1–4]. This concept is currently widespread in
many fields, particularly in modelling, identification and control systems, [5–7].
Time domain simulation of fractional models was the object of several studies. Different methods have been proposed,
the first one uses discrete models, directly or indirectly, [8–10] and the second one uses continuousmodels, [11,10]. Most of
thesemethods are based on the non-integer differentiation operator approximation of sα by a rational transfer function. Very
few studies approached this topic in state space representation, [12–17] but the initial conditions are always considered null.
The treatment of the initial conditions in the fractional system case is a problem because of the several definitions
of the fractional derivation operator. Several methods making it possible to take it into account were proposed. In [18]
and earlier papers of the authors, Lorenzo and Hartley proposed to use the so called ‘‘initialization functions’’ which are
differently defined when the Riemann–Liouville or Caputo definitions are considered. In a recent paper, Sabatier et al. [19]
proposed to use a new representation of fractional order system that involves a classical linear integer system and a system
described by a parabolic equation. He demonstrates that fractional order systems are halfway between these two classes of
systems, and are particularly suited for diffusion phenomenamodeling. This representation is then used to derive a coherent
initialization function for the systems considered. At the same time, Ortigueira and Coito [20] using the distribution theory,
presented a general jump formula that was used to solve the initial conditions problem. They gave interpretations of the
Riemann–Liouville and Caputo derivatives from this point of view and obtained the classes of the equations suitable for
being solved by means of the Riemann–Liouville and Caputo derivatives.
In our contribution, an integer order state model using the integral operator which approximates a not necessarily
commensurate multivariable fractional model is developed. The proposed integer model takes into account the fractional
system initial conditions and consider any value of α.
This paper is organized as follows. In Section 2, the main definitions used in fractional calculus are briefly recalled.
In Section 3, the state space representation using the integral function is presented. This new representation is used for
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Fig. 1. State representation system block diagram.
fractional model approximation. In Section 4, the main contributions of this paper is presented. The integer model which
takes into account the fractional system initial conditions andwhich approximates its is described. An illustrative numerical
example is presented in Section 5. Finally, Section 6 gives some concluding remarks.
2. Mathematical background
The concept of fractional integrals and derivatives is a natural generalization of integer order integrals and derivatives.
The fractional integral is derived directly from a traditional expression of the repeated integration of a function, called the
Cauchy’s formula [4].
For all α ∈ R+:
Iα f (t) = 1
0(α)
∫ t
t0
(t − τ)α−1f (τ )dτ . (1)
The Euler Gamma function 0 is defined by
0(λ) =
∫ ∞
0
vλ−1e−vdv. (2)
Introducing the positive integer number r such that (r−1 < α < r), we nowhave twopossibleways to define the derivative.
The first definition is due to Letnikov–Riemann–Liouville:
R
t0D
α
t f (t) =
dr
dt r
{
1
0(r − α)
∫ t
t0
f (τ )
(t − τ)α−r+1 dτ
}
(3)
R
t0D
α
t f (t) represents the non-integer derivative of order α of the function f (t) between t0 and t according to the
Riemann–Liouville’s definition.
The second definition, was originally formulated by Caputo [21], and is therefore, commonly referred to as the Caputo
fractional derivative; it is given by
C
t0D
α
t f (t) =
1
0(r − α)
∫ t
t0
f (r)(τ )
(t − τ)α−r+1 dτ (4)
C
t0D
α
t f (t) represents the non-integer derivative of order α of the function f (t) between t0 and t according to the Caputo
definition.
3. State space representation using integral operator
Usually, the state space representation of an integer linear time invariant system is{
x˙(t) = A x(t)+ B u(t) x(t0) = x0
y(t) = C x(t)+ D u(t) (5)
x ∈ Rn, u ∈ R`, y ∈ Rq, A ∈ Rn×n, B ∈ Rn×`, C ∈ Rq×n, D ∈ Rq×`.
It can be simulated using the block diagram of Fig. 1 when the state vector is the integrator output.
In Eq. (5), which uses the derivative operator, the state variables are the integral operator outputs; in our case we choose
the integral operator input as state space vector and write the corresponding state space representation using the integral
function instead of the derivative one. The relation between the state vectorsw(t) and x(t) is∫ t
0
w(τ)dτ = x(t)− x0 (6)
consequently
x(t) =
∫ t
0
w(τ)dτ + x0 and ddt x(t) = w(t). (7)
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Substituting the state vector x(t) and its derivative x˙(t) given by Eq. (7) in the state space model (5) yields
w(t) = A
∫ t
0
w(τ)dτ + B u(t)+ A x0
y(t) = C
∫ t
0
w(τ)dτ + D u(t)+ C x0.
(8)
State space model (8) will be called the integral representation of the state space model (5). Note that, in the integral
representation proposed, the initial conditions are explicit in the fractional state space equations. As a consequent, the
approximationwill have explicit initial conditions in the obtainedmodel. This is not the case in the derivative representation
where the initial conditions are used implicitly.
The transfer function equivalent of this representation, when x0 = 0, is then
G(s) = C
[
1
s
Id
][(
Id − A
[
1
s
Id
])−1]
B+ D. (9)
The factorization of the Laplace variable s yields the classical formula of G(s) obtained from the state space model (5).
The generalization of the state space representation (5) to an integer orderm > 1 is given by:{
dmx(t) = A x(t)+ B u(t) IC : x˜0
y(t) = C x(t)+ D u(t) (10)
where
dm x = d
m
dtm
[
x1, x2, . . . , xn
]T
dm denotes themth integer derivation operator, IC represent the initial conditions.
The solution of this differential equation requiresm initial values of the state vector x(t). We denote these initial values
by the matrix x˜0 defined by
x˜0 =

x10 x
(1)
10 x
(2)
10 · · · x(m−1)10
x20 x
(1)
20 x
(2)
20 · · · x(m−1)20
... · · · ...
xn0 x
(1)
n0 x
(2)
n0 · · · x(m−1)n0
 (11)
where x(j)i0 , (i = 1, . . . , n, j = 1, . . . ,m− 1), is the value of the jth derivative of xi at t = 0.
The simulation of the state space model (10) can be carried out using the block diagram of Fig. 1 in which the integrator
must be replaced by a generalized integer integrator of orderm. In this case,w(t) is
w(t) = dmx(t) (12)
the integrationm time ofw(t) is given by
Imw(t) = x(t)− x˜0 ρ (13)
x(j)0 being the jth column vector of x˜0. and
ρ =
[
1 t
t2
2! · · ·
tm−1
(m− 1)!
]T
. (14)
In the integral representation, the state space model (10) becomes:{
w(t) = A Imw(t)+ B u(t)+ Ax˜0 ρ
y(t) = C Imw(t)+ D u(t)+ Cx˜0 ρ. (15)
To generalize the integral representation to the non-integer state space model, the block diagram of Fig. 1 is used again.
Nevertheless, the integer integration operatormust be replaced by the generalized fractional integration operator I(α)
(
x(t)
)
.
In this case, the state vectorw(t) become
w(t) = D(α)(x(t)) (16)
where
w(t) =
[
Dα1 x1(t), Dα2 x2(t), . . . , Dαn xn(t)
]T
(17)
x(t), is expressed differently according to the definition of the fractional differentiation Dαi [22].
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• With the Caputo’s definition, for each state variable we have
Iαi wi(t) = xi(t)−
ri−1∑
k=0
x(k)i (0)
tk
k! (18)
ri being an integer number such as (ri−1 < αi < ri), and x(k)i (0) is the value of the kth integer derivative of xi(t) at t = 0.
The initial conditions are thus the integer derivatives of the state vector at t = 0. They can be summarized in a matrix x˜0
given by:
x˜0 =

x10 x
(1)
10 x
(2)
10 · · · x(m−1)10
x20 x
(1)
20 x
(2)
20 · · · x(m−1)20
... · · · ...
xn0 x
(1)
n0 x
(2)
n0 · · · x(m−1)n0
 (19)
m is an integer number such as (m− 1 < max(αi) < m), andx(j)i0 =
dj
dt j
xi(t)
∣∣∣∣
t=0
if j < ri − 1
= 0 if j > ri − 1.
(20)
• With the definition of Riemann–Liouville:
Iαi wi(t) = xi(t)−
ri∑
k=1
Dαi−kxi(0)
tαi−k
0(αi − k+ 1) (21)
Dαi−kxi(0) is the value of the (αi − k)th fractional derivative of xi(t) at t = 0.
In this case, the matrix x˜0 containing the initial conditions is given by:
x˜0 =

x(α1−1)10 x
(α1−2)
10 · · · x(α1−m)10
x(α2−1)20 x
(α2−2)
20 · · · x(α2−m)20
... · · · ...
x(αn−1)n0 x
(αn−2)
n0 · · · x(αn−m)n0
 (22)
where:{
x(αi−j)i0 = D(αi−j)xi(t)|t=0 if j < ri
= 0 if j > ri. (23)
The fractional state spacemodel using the derivation operator and taking account of the initial conditions is thenwritten
by {
D(α)x(t) = A x(t)+ B u(t) IC : x˜0
y(t) = C x(t)+ D u(t) (24)
D(α) (x) =
[
Dα1 x1, Dα2 x2, . . . , Dαn xn
]T
x˜0 is defined by Eq. (19) when the fractional derivation operator D(α) is that of the Caputo’s definition. When the definition
used is that of Riemann–Liouville x˜0 is given by Eq. (22).
In the integral representation, the state space model is expressed by{
w(t) = A I(α)(w(t))+ B u(t)+ A x˜0 %
y(t) = C I(α)(w(t))+ D u(t)+ C x˜0 % (25)
where
I(α)(w(t)) =
[
Iα1w1(t), Iα2w2(t), . . . , Iαnwn(t)
]
. (26)
• With the definition of Caputo:
% =
[
1 t
t2
2! · · ·
tm−1
(m− 1)!
]T
. (27)
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• If we use the definition of Riemann–Liouville:
% =

tα1−1
0(α1)
tα1−2
0(α1 − 1) · · ·
tα1−m
0(α1 −m)
tα2−1
0(α2)
tα2−2
0(α2 − 1) · · ·
tα2−m
0(α2 −m)
... · · · ...
tαn−1
0(αn)
tαn−2
0(αn − 1) · · ·
tαn−m
0(αn −m)

(28)
where tα1−j = 0 if j > ri.
The transfer function representation equivalent of this fractional integral representation is given by
Gfrac(s) = C
[
1
s(α)
Id
] [(
Id − A
[
1
s(α)
Id
] )−1]
B+ D (29)
where
1
s(α)
Id = diag
[ 1
sα1
,
1
sα2
, . . . ,
1
sαn
]
. (30)
This new state representation, using the integral function, constitutes the key development of our main result presented
in this paper.
4. State space fractional model approximation
4.1. Fractional integral operator approximation
Fractional systems simulation requires an infinite dimensional non-integer integrator approximation by a finite
dimensional rational model. Its poles and zeros are recursively distributed on a limited frequency range. To obtain a good
accuracy in a bandwidth [ωmin, ωmax], in particular in high frequencies, the poles and the zeros are distributed in a broader
frequency range [ωA, ωB] [23].
ωA = ωmin
σ
and ωB = σ ωmax (31)
σ being an adjustment coefficient chosen arbitrarily. In [23], author proposes to take σ = 10.
The rational transfer function, denoted =α(s), which approximates the fractional integral, in frequency domain, has the
particular form given by Eq. (32).
1
sα
≈ =α(s) = 1s D(1−α)(s) (32)
D(1−α)(s) being the approximation of the (1− α)th fractional derivative function, in frequency domain, is given by
D(1−α)(s) = Gα
N∏
i=−N
(
1+ s
ωz,i
)
N∏
i=−N
(
1+ s
ωp,i
) . (33)
Gα is an adjustment coefficient such that the fractional integrator (1/sα) and the integer transfer function=α(s) have the
same gain for ωu = 1rd/s. −ωz,i and −ωp,i are the zeros and poles ofD(1−α)(s), respectively. N is the number of cells. The
transitional frequencies ωp,i and ωz,i are determined by the following recursive relations [23].ωz,−N = ωA
√
δ
ωp,i = η ωz,i i = −N, . . . ,N
ωz,i+1 = δ ωp,i i = −N, . . . ,N − 1
(34)
with
δ =
(
ωB
ωA
)α/2N+1
and η =
(
ωB
ωA
)(1−α)/2N+1
(35)
=α(s) is strictly proper; it represents a fractional order integrator behaviour inside the frequency range [ωA, ωB] and acts as
a conventional integrator outside this range. The state model corresponding to =α(s) can be written in the form:
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=α(s) :
{
z˙ = Aα z + Bα f
Iα f ≈ Cα z. (36)
The input is the function f (t) to be integrated and the output is the approximation of its fractional α order integral. z(t) is
the (2N + 2) dimensional state vector. Aα , Bα and Cα are matrices of appropriate dimensions depending on the parameters
of the fractional integrator approximation. A particular form of this model can be found in [16].
4.2. Main result
Given a generalized MIMO state space model
Sysfrac :
{
D(α)(x) = A x+ B u IC : x˜0
y = C x+ D u (37)
where x ∈ Rn, u ∈ R`, y ∈ Rq, A ∈ Rn×n, B ∈ Rn×`, C ∈ Rq×n, D ∈ Rq×`.
x˜0 is given by Eqs. (19) and (22).
The objective is to develop an integer model which approximates the state spacemodel (37). For this purpose, the model
(36) associated with =α(s) and the state space model (25) in the integral representation will be used.
Theorem 1. Given (Aαi , Bαi , Cαi) the state space model approximating the non-integer integrator (1/s
αi) in the frequency range
[ωmin, ωmax], then the integer model which approximates the fractional system (37) in the same frequency range is given by
Sysint :
{
Z˙ = AG Z + BG u+ Bx x˜0 % Z(0) = 0
yapp ≈ CG Z + DG u+ C x˜0 % (38)
yapp being the output vector approximation, % is defined by Eqs. (27) to (28) and{
AG = AI + BI A CI BG = BI B Bx = BI A
CG = C CI DG = D (39)
AG ∈ R(2N+2).n×(2N+2).n, BG ∈ R(2N+2).n×`, Bx ∈ R(2N+2).n×n, CG ∈ Rq×(2N+2).n, DG ∈ Rq×`.
AI , BI , CI are given by{AI = Block− diagonal[Aα1 Aα2 · · · Aαn ]
BI = Block− diagonal[Bα1 Bα2 · · · Bαn ]
CI = Block− diagonal[Cα1 Cα2 · · · Cαn ].
(40)
Proof. The state model using the integration function corresponding to the fractional model (37) is given by:{
w(t) = A I(α)(w(t))+ B u(t)+ A x˜0 %
y(t) = C I(α)(w(t))+ D u(t)+ C x˜0 %. (41)
The non-integer integration of each state variablewi is approximated by
=αi(s) :
{
z˙αi = Aαi zαi + Bαi wi zαi(0) = 0
Iαi wi ≈ Cαi zαi i = 1, . . . , n. (42)
The non-integer integral of the global state vector w of (41) is approximated by connecting n models (42) in parallel, we
obtain:
=(α)(s) :
{
Z˙ = AI Z + BI w Z(0) = 0
I(α) (w) ≈ CI Z (43)
where
Z =
[
zTα1 z
T
α2
· · · zTαn
]T
(44)
AI ∈ R(2N+2).n×(2N+2).n, BI ∈ R(2N+1).n×`, and CI ∈ Rq×(2N+2).n are block diagonal matrices.
Substituting the expression (41) ofw into (43) yields
Z˙ ≈ AI Z + BI
[
A CI Z + B u(t)+ A x˜0 %
]
Z˙ ≈
[
AI + BI A CI
]
Z + BI B u(t)+ BI A x˜0 %. (45)
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Fig. 2. Step responses obtained using the proposed integer model and using the Grünwald–Letnikov definition.
Again, substituting I(α)(w) = CIZ into the output equation of (41), we obtain
yapp ≈ C CI Z + D u(t)+ C x˜0 %. (46)
Eqs. (45) and (46) together form the integer state model which approximates the fractional state space model (37). 
5. Illustrative numerical example
5.1. Single input single output fractional example
Given the non-integer model
Sysfrac :

(
D0.26x1
D1.74x2
)
=
[−30 −3
30 −2
]
x+
[
1
0
]
u
y = [1 100] x x0 = 0. (47)
The corresponding transfer function is
Gfrac(s) = s
1.74 + 3002
s2 + 30 s1.74 + 2 s0.26 + 150 . (48)
To validate the approximation model developed in this paper, the step response obtained using this model is compared
with that obtained using the fractional model where the differentiation operators are discretized using the definition of
Grünwald–Letnikov [24].
The simulation parameters used are:
• Using the definition of Grünwald–Letnikov, the sample times is h = 0.005 and the simulation times tfinal = 10 s.
• The fractional operators necessary to approximate the integration operators are approximated in the frequency range
[10−5, 10+5] using N = 20. Integer state space models (Eq. (36)) are deduced. Then, using Eq. (40) we calculate the
matrices AI , BI and CI which make it possible to determine, using the Eq. (39), matrices AG, BG, Bx, CG and DG which form
the integer state space model (38) which approximates the fractional model (47). Integral representation being only an
intermediate step allowing to obtain this approximation.
Step responses obtained using the definition of Grünwald–Letnikov and that obtained using the integer model Sysint are
illustrated in Fig. 2. The corresponding frequency responses are illustrated in Fig. 3.
The step responses of the fractional and integer order model are similar. The frequency responses in the frequency range
[10−5, 10+5] are also similar.
Numerical values obtained for the particular points of the step responses are summarized in Table 1.
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Fig. 3. Bode diagrams of the fractional and the integer model.
Table 1
Some numerical values of the step responses particular points. I.V. Initial value, F.V.: value at t = 10 s, M.V.: maximum value, 0.S.: overshoot.
Method I.V. F.V. M.V. O.S. (%)
Grünwald 0 27.0783 42.7054 57.71
Sysint 0 27.0754 43.1385 59.31
All these results show that the quality of the approximation obtained by the integer model is appreciable. This is
confirmed by the relative values of the 2-norm and∞-norm norms of the errors between the data given by the integer
model and that obtained using the definition of Grünwald–Letnikov, defined by
ε2 =
∥∥y(t)− yapp(t)∥∥2
‖y(t)‖2
ε∞ =
∥∥y(t)− yapp(t)∥∥∞
‖y(t)‖∞
(49)
ε2 = 0.0060 and ε∞ = 0.0111.
5.2. Multivariable fractional example
The fractional differentiation and integration operators being of infinite dimension, their approximation by an integer
order model, even in a limited frequency range, requires the use of a large scale integer model. It is the same case of the
integer model developed in this paper, since this one is also based on the fractional integration operator approximation.
Nevertheless, it is shown in [25] that the use of the model reduction techniques, permits to reduce considerably the
integer model Sysint without a significant loss of the accuracy of the approximation. It is what is illustrated in the following
multivariable example.
Sysfrac :

(
D0.26x1
D1.74x2
)
=
[−30 −3
30 −2
]
x+
[
1 1
0 1
]
u
y =
[
200 0
1 100
]
x+
[
0 1
0 0
]
u x0 = 0.
(50)
System (50) is approximated using the reduced-order methods, where the fractional integration operators are
approximated in the frequency range [10−5, 10+5] with N = 10. A 44th-order model is then obtained and reduced to 3rd-
order. Fig. 4 illustrates the results obtained when the simulation time is equal to 10 s and in Fig. 5 the outputs are zoomed
in the initial interval up to 1.5 s to show with precision the errors in the outputs in that time interval.
6. Conclusion
The first main result presented in this paper is the development of an integer state space model which permits the
approximation of a generalizedmultivariable fractional system. The integermodel obtained depends on the fractionalmodel
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Fig. 5. Zoom of step response for t = 1.5 s.
matrix and the parameters related to the fractional derivative orders. It can thus be very useful not to simulate the fractional
system only, but to study its dynamic characteristics. The second result, not less significant, is the taking into account of
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the initial conditions of the state space fractional model. The examples showed that the reduced-order model permits to
reduce considerably the integer model which approximates the fractional one without a significant loss of the accuracy of
the approximation. This method is very attractive, not only for the non-integer systems simulation, but especially for the
non-integer controllers realization.
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